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Abstract: 

Motivated by the enhanced thermal characteristics of hybrid nanomaterials, this study investigates heat 

and mass transfer in an Oldroyd-B hybrid nanofluid and assesses entropy generation. The hybrid 

nanofluid consists of gold (Au) and copper (Cu) nanoparticles suspended in water (H2O). A refined 

Fourier’s thermal model is used to analyze the heat and mass transfer dynamic. The study also involves 
shape features, heat source, viscous dissipation and thermal radiation effects. The mass transfer is 

analyzed by accounting the chemical reactive species. The solution methodology is based on 

implementation of shooting numerical scheme. The study reveals that heat transfer enhances due to 

Deborah number with retardation time parameter. The entropy generation increase due to Hartmann 

number while declining behavior is observed for Prandtl number. Moreover, the Bejan number enhances 

by increasing the Eckert number. The proposed model justifies significance in thermal management 

systems, heat transfer optimization, control of heat dissipation in engineering systems, oil recovery, 

nuclear systems etc.     

 

Keywords: Entropy generation, Oldroyd-B fluid, Heat and mass transfer analysis, Shape factor, 

Shooting approach, Cattaneo-Christov Modelling. 

_______________________________________________________________________________ 

 

1. INTRODUCTION  

In recent years, the topic of nanofluids is well established in industrial and engineering sectors 

due to its ability to improve the thermal conductivity and energy absorption. Nanofluids are formed by 

dispersing nanosized (1-100 nm) particles into base fluid as like water, ethylene glycol, oil and engine 

oil. The sustainability and compatibility of traditional fluid improved by adding nanoparticles. Solar 

thermal collectors are very incredible application of nanofluid, nanofluids empower the thermal 

efficiency of solar system to enhance the absorbing ability of sunlight to increase the heat transfer 

process. Nanofluids are essential to increases the cooling and heating efficiency of thermal systems. 

Nanofluids facilitate rapid heat transfer, reduce energy loss, and contribute to various aspects of system 

sustainability. The superior heat transfer characteristics of nanofluids justify applications in various 

sectors, including, solar heaters, photovoltaic-thermal systems, heat exchangers, and industrial thermal 

management applications. Further, a suitable choice of nanoparticles boosts up the heat transfer process. 

Assad et al. (2021) focused on heat exchanger appliations by adding nanoparticles in base fluids within 

different flow constraints. Kumar et al. (2021) reviewed the methods of preparation of nanofluids used 

in recent years for heat transformation in heat exchangers. Ali et al. (2021) investigated the development 

of nanofluids for enhancing heat transfer processes in various industries, specifically focusing on carbon 

particles suspended in a base fluid. Pavía et al. (2021) observed the improvement of thermal conductivity 

of base fluid with the suspension of graphene nanoparticles. Sharma et al. (2022) explored the 
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advancement of nanofluids in renewable energy systems with implementation of a machine learning 

approach. The advancement in the sector of oil refinery by using nanofluids on behalf of various kinds 

of nanoparticles was found by Khoramian et al. (2022). The thermal insights of magneto-radiative 

Williamson nanofluid model within various flow constraints across stretchable porous sheet was 

examined by Abbas et al. (2022). The synthesis, preparation approach and applications of nanofluids in 

various industrial and engineering sectors were syncretised by Wang et al. (2023). Bhatti et al. (2022) 

studied the novality of nanofluids with various nanoparticles immersed in base fluid across renewable 

energy field. Nabwey et al. (2022) deliberated the role of nanofluids in heat transmission mechanism 

across porous medium. The numerical computation of magnetised Maxwell nanofluid by adding non-

Linear thermal radiative impact via activation energy were described by Ahmed et al. (2024). Bani-

Fwaz et al. (2024) computed the thermal enhancement of magnetised radiative nanofluid flow with the 

suspension of aluminium oxide in water as a base fluid. The heat transformation via Carreau–Yasuda 

nanofluid model in case of variable thermal conductivity and quadratic convection were performed by 

Akbar et al. (2024). Sohail et al. (2025) explored magneto-radiative Maxwell fluid in the presence of 

Bio-Convective boundary constraints across stretchable porous sheet by implementation of HAM 

solution. In order to perform a more thorough thermal analysis, Ahmad et al. (2025) used the Cattaneo–
Christov heat flux framework and an external heat source to study buoyancy-driven bidirectional forced 

convection in a chemically reactive Oldroyd-B nanofluid. Shoaib et al. (2023) performed the stochastic 

numerical simulatons for studying thermal behavior of Carreau nanofluid. Aamir et al. (2025) addressed 

the computing analysis for visualzing thermal reflection of micropolar nanofluid.  

 

Hybrid nanofluids emerged as one of the most promising advancements in thermal engineering 

across its thermal characteristics. Hybrid nanofluids has become a central focus of research for many 

researchers and industrialists due to its more quickly heat transfer process ability. The consists of two 

types of nanoparticles makes hybrid nanofluid that improves the thermal conductivity and rate of heat 

transparency. The absorbing and energy-losing capability of hybrid nanofluids makes them more 

attractive in the sector of solar collector systems, still in the presence of variability of sunlight 

constraints. The thermal enhancing characteristics of hybrid nanofluids make m more effective in 

various sectors including, flat plate collectors, PV/T systems, parabolic trough collectors. Further, the 

applications of hybrid nanofluids in thermal systems are very advantageous for industrialists. Such as 

reduced thermal resistance, better cooling and heating efficiency in heat exchangers make more superior 

thermal management system. The combined impacts of nanoparticles that ensure high stability 

operation, grooming energy and less operational costs. The thermal conductance and heat generative 

impacts on magnetised hybrid nanofluid in the presence of slip conditions immersed in porous media 

was assessed by Eid et al. (2022). The rheological nature of hybrid nanofluid in industrial sector were 

presented by Esfe et al. (2022). Asghar et al. (2023) fluctuated magnetized mixed convective hybrid 

nanofluid with heat generative/absorptive impacts across velocity slip constraints. Shah et al. (2023) 

employed the Cattaneo–Christov model to numerically investigate Prandtl–Eyring hybrid nanofluid 

flow based on radiative engine oil. Mebarek-Oudina et al. (2024) analysed the thermal performance of 

MHD hybridised-nanofluid with convection and porous media corporation across entropy generation. 

Cu–CuO hybrid nanofluid flows over a convectively heated surface were numerically compared by 

Algehyne et al. (2024) using water and kerosene oil. Viscosity dissipation effects in unsteady MHD 

Casson hybrid nanofluid flow across a stretching surface were studied by Rehman et al. (2024). The 

machine learning-based thermal performance of hybrid nanofluid flow across a stretched sheet was 

focused by Khan et al. (2023). 

The Oldroyd-B fluids are classified as rate-type fluids that exhibit viscoelastic properties, 

reflecting the characteristics of complex fluids that possess both elasticity and viscosity. The deforming 

ability of this fluid deliberates the flow behaviour of polymer solutions and dilute polymeric liquids. 

The Oldroyd-B fluids model enriches many applications in biomedical fields where viscoelastic 

property exists. Also, to analysis the blood behaviour via this model provides better outcomes. Further, 

this model plays an important role in the microfluidic systems to estimates the flow stability and 

outcomes in case of numerous shear constraints. However, the Oldroyd-B model is widely used in 

chemical and industrial process to enhance mixing, coating, and extrusion operations within non-

Newtonian fluids. The hydro-thermo-fluidic behavior of an Oldroyd-B hybrid nanofluid at low and 

moderate Prandtl numbers was investigated by Gope et al. (2023). Absorbing boundary conditions for 
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magnetized Oldroyd-B fluid flow over a semi-infinite plate were developed by Liu et al. (2024). Munir 

et al. (2025) fluctuated the entropy generation by using Oldroyd-B nanofluid model via computing 

analysis. Heat transfer in bioconvective Oldroyd-B nanofluids with nonlinear radiation and activation 

energy was modeled by Razzaq et al. (2025) using artificial neural networks. 

1.1. Objectives of present work 

This investigation presents the heat and mass transfer due to Oldroyd-B hybrid nanofluid with 

applications of entropy generation. The HNF features are observed with uniform suspension of gold (𝐴𝑢)and copper (𝐶𝑢)) nanoparticles in water (𝐻2𝑂) base fluid. The choice of 𝐴𝑢 and 𝐶𝑢 is associated 

to enhanced thermal features and stable conducting consequences. The heat-transfer characteristics are 

examined using the Cattaneo-Christov model, with viscous dissipation and radiation effects included. 

The shape features effects are further attributed to analyze the thermal transport. Mass transfer 

investigation is assessed through chemical reaction consequences. A dimensionless system is obtained 

for modeled problem which is further numerically compiled. Physical dynamic of problem is addressed 

for mono and hybrid nanofluids.  

1.2. Novelty of the current research 

The proposed mathematical model endorsed thermal reflection of Oldroyd-B HNF (𝐴𝑢 − 𝐶𝑢)/𝐻2𝑂 

with applications of shape features and entropy generation. The investigation of heat and mass transfer 

with entropy generation assessment is important to optimize the thermal performance of transport 

system. The understanding of shape features determined the thermal performance of hybrid 

nanoparticles. The novelty of current model further lies in assessment of Bejan number, influencing the 

irreversibility process in thermal transport systems. The model may be justifying applications in 

advanced engineering applications, energy systems, thermal management devices and industrial heat 

exchangers (Aziz et al. (2025)). 
 

2. Mathematical formulation 

A two-dimensional flow of Oldroyd-B hybrid nanofluid is considered over elastic surface. A 

colloidal suspension of two types of nanomaterials such as copper(𝐶𝑢) and gold(𝐴𝑢) within water (𝐻2𝑂)as a base fluid entertains hybrid nanofluid. The velocity of surface is defined by 𝑢𝑤 = 𝑎𝑥, where 𝑎 is the stretched constant. To employ the magnetic field perpendicular to the sheet. The horizontal and 

vertical component of velocity within 𝑥 and 𝑦axis evaluates with 𝑢𝑎𝑛𝑑𝑣 as predicted via Fig. 1. The 

implementation of magnetic field 𝐵0 is perpendicular to sheet, where 𝐵0 shows their magnitudes. The 

innovation of the current work arises from the analysis of entropy generation using the Bejan number. 

Governing equations are: 

 
Fig. 1: Flow geometry.  

 𝜕𝑢𝜕𝑥 + 𝜕𝑣𝜕𝑦 = 0,          (1) 𝑢 𝜕𝑢𝜕𝑥 + 𝑣 𝜕𝑢𝜕𝑦 + 𝜀0 (𝑢2 𝜕2𝑢𝜕𝑥2 + 𝑣2 𝜕2𝑢𝜕𝑦2 + 2𝑢𝑣 𝜕2𝑢𝜕𝑥𝜕𝑦) = 𝜈ℎ𝑛𝑓 𝜕2𝑢𝜕𝑦2 + 𝜀1𝜈ℎ𝑛𝑓 [𝑢 𝜕3𝑢𝜕𝑥𝜕𝑦2 − 𝜕𝑢𝜕𝑥 𝜕2𝑢𝜕𝑦2 −𝜕𝑢𝜕𝑦 𝜕2𝑣𝜕𝑦2 + 𝑣 𝜕3𝑢𝜕𝑦3] − 𝜎ℎ𝑛𝑓𝐵02𝜌ℎ𝑛𝑓 (𝑢 + 𝜀0𝑣 𝜕𝑢𝜕𝑦),    (2) 
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𝑢 𝜕𝑇𝜕𝑥 + 𝑣 𝜕𝑇𝜕𝑦 + 𝜀2 [  
  𝑢 𝜕𝑣𝜕𝑥 𝜕𝑇𝜕𝑦 + 𝑢2 𝜕2𝑇𝜕𝑥2 + 𝑣2 𝜕2𝑇𝜕𝑦2+2𝑢𝑣 𝜕2𝑇𝜕𝑥𝜕𝑦 + 𝑣 𝜕𝑢𝜕𝑦 𝜕𝑇𝜕𝑥 + 𝑣 𝜕𝑣𝜕𝑦 𝜕𝑇𝜕𝑦+𝑢 𝜕𝑢𝜕𝑥 𝜕𝑇𝜕𝑥 ]  

  = 1(𝜌𝐶𝑝)ℎ𝑛𝑓 [(𝐾ℎ𝑛𝑓 + 16𝛺𝑇∞
33𝑘∗ ) 𝜕2𝑇𝜕𝑦2 + 𝜇ℎ𝑛𝑓 𝜀1𝜀0 (𝜕𝑢𝜕𝑦)2+𝜎ℎ𝑛𝑓𝐵02𝑢2 + 𝑄(𝑇 − 𝑇∞) ](3) 

𝑢 𝜕𝐶𝜕𝑥 + 𝑣 𝜕𝐶𝜕𝑦 + 𝜀3 [  
  𝑣 𝜕𝑢𝜕𝑦 𝜕𝐶𝜕𝑥 + 𝑣 𝜕𝑣𝜕𝑦 𝜕𝐶𝜕𝑦 + 𝑢 𝜕𝑣𝜕𝑥 𝜕𝐶𝜕𝑦+2𝑢𝑣 𝜕2𝐶𝜕𝑥𝜕𝑦 + 𝑢2 𝜕2𝐶𝜕𝑥2 + 𝑣2 𝜕2𝐶𝜕𝑦2+𝑢 𝜕𝑢𝜕𝑥 𝜕𝐶𝜕𝑥 ]  

  = 𝐷𝐵 𝜕2𝐶𝜕𝑦2 − 𝑘𝑟(𝐶 − 𝐶∞). (4) 

In above formulated problem, 𝜌ℎ𝑛𝑓 presents the density of hybrid nanofluid, 𝜇ℎ𝑛𝑓 is the dynamic 

viscosity, 𝐵0 predicts intensity of magnetic influence, 𝜎ℎ𝑛𝑓 is electrical conductivity, 𝛺 is the Stefan 

Boltzmann coefficient, 𝐾ℎ𝑛𝑓 indicates thermal conduction, (𝜌𝐶𝑝)ℎ𝑛𝑓 describe specific heat capacity of 

hybrid nanofluid, 𝐷𝐵 exhibits Brownian motion diffusivity, 𝑘𝑟 shows chemical reactivity, 𝜀2 

demonstration of concentration relaxation parameter, 𝜀0 denotes relaxation constant, 𝜀1 , 𝜀3 portrayed 

concentration constant. 

Thermal boundary constraints with convective characteristics: 𝑢 = 𝑢𝜔 = 𝑎𝑥, 𝐶 = 𝐶𝑤, 𝑣 = 0,−𝑘ℎ𝑛𝑓 𝜕𝑇𝜕𝑦 = ℎ𝑓(𝑇𝑓 − 𝑇), 𝑎𝑡𝑦 = 0,𝑢 → 0, 𝜕𝑢𝜕𝑦 → 0, 𝜕2𝑢𝜕𝑦2 → 0, 𝑇 → 𝑇∞, 𝐶 → 𝐶∞, 𝑦 → ∞. }    (5) 

 
Fig. 2: Encapsulated suspension process of nanomaterials into base fluid. 
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2.1 Appropriate similarity technique 

Similarity transformations are (Khan et al. (2025)). 𝑣 = −√𝜈𝑓𝑎𝑓, 𝜃 = 𝑇−𝑇∞𝑇𝑤−𝑇∞
, 𝜂 = √ 𝑎𝜈𝑓 𝑦, 𝑢 = 𝑎𝑥𝑓 ′, 𝜙 = 𝐶−𝐶∞𝐶𝑤−𝐶∞

.    (6) 

Simplification  𝐴1[𝑓‴ − 𝛽2(𝑓𝑓𝑖𝑣 − 𝑓″2)] − 𝐴3𝑀(𝛽1𝑓𝑓″ − 𝑓 ′) + 𝐴2[−𝑓 ′2 + 𝑓𝑓″ + 𝛽1(2𝑓𝑓 ′𝑓″ − 𝑓2𝑓‴)] = 0, 
(7) (𝐴4 + 𝑅)𝜃″ + 𝑃𝑟 [𝐴1 𝛽2𝛽1 𝐸𝑐𝑓″2 + 𝐴3𝑀𝐸𝑐𝑓 ′2 + 𝜒𝜃] − 𝐴5 𝑃𝑟[𝛽3(𝑓2𝜃″ + 𝑓𝑓 ′𝜃′) − 𝑓𝜃 ′] = 0, (8) 𝜙″ + 𝑆𝑐[(𝛽𝜙 + 𝑓𝜙′) − 𝛿𝐶(𝑓𝑓 ′𝜙′ + 𝑓2𝜙″)] = 0.      (9) 

The results of thermal boundary constraints as below 𝑓(0) = 0,𝜙(0) = 1, 𝐴4𝜃 ′(0) = −𝐵𝑖[1 − 𝜃(0)], 𝑓 ′(0) = 1𝑎𝑡𝜂 = 0,𝑓 ′(∞) → 0, 𝑓″(∞) → 0, 𝜃(∞) → 0,𝜙(∞) → 0𝑎𝑡𝜂 → ∞. }   (10) 

Where 𝑀 = 𝐵02𝜎𝑓/ 𝑎 𝜌𝑓 is the magnetic parameter,𝛽1 = 𝜀0𝑎 is the Maxwell relaxation time 

parameter, 𝛽2 = 𝜀1𝑎 illustrates the momentum retardation dimensionless number, 𝑃𝑟 =𝜐𝑓(𝜌𝐶𝑝)𝑓/𝑘𝑓 

be Prandtl number, 𝐸𝑐 = 𝑈𝑤2/𝐶𝑝(𝑇𝑤 − 𝑇∞) is Eckert parameter, 𝛽3 = 𝑎𝜀2 describe thermal relaxation 

parameter, 𝛽 = 𝐾𝑟/𝑎 demonstrates chemical reactive number, 𝑆𝑐 = 𝜈𝑓/𝐷𝐵 shows Schmidt number, 𝛿𝐶 = 𝜀3𝑎 be thermal concentration, 𝑅 = 16𝛺𝑇∞
3/3𝑘𝑘∗ evaluates the thermal radiation number ,𝜆 =𝑄0/(𝜌𝐶𝑝)𝑓𝑎, aligned external heat source number, 𝐵𝑖 = ℎ𝑓/𝑘𝑓√𝜐𝑓/𝑎 outlined Biot number. 

Some thermal constants are 𝐴1 = 𝜇ℎ𝑛𝑓𝜇𝑛𝑓 , 𝐴2 = 𝜌ℎ𝑛𝑓𝜌𝑛𝑓 , 𝐴3 = 𝜎ℎ𝑛𝑓𝜎𝑛𝑓 , 𝐴4 = 𝐾ℎ𝑛𝑓𝐾𝑛𝑓 , 𝐴5 = (𝜌𝐶𝑝)ℎ𝑛𝑓(𝜌𝐶𝑝)𝑛𝑓 . 
 

Table 1: The significance of nanomaterials with geometrical emergence (Khan et al. (2025)). 

Geometrical 

appearance 

 
   

 

Z 

Shape 

3.0 

Sphere 

3.7321 

Hexahedron 

4.0613 

Tetrahedron 

4.9 

Cylinder 

6.3678 

Column 

 

 

Table 2: Enclosed the thermophysical properties of gold (𝐴𝑢) and copper(𝐶𝑢) nanoparticles within 

water(𝐻2𝑂) as a base fluid / 

Physical 

Properties 
𝐴𝑢 

 

𝐶𝑢 

 

(𝐻2𝑂) 
 𝜌(𝑘𝑔𝑚−3) 8933 5180 997.1 𝐶𝑝(𝐽𝑘𝑔. 𝑘) 385 670 4179 𝜅(𝑊. (𝑚. 𝑘)) 401 9.7 0.613 
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Table 3: Comparison of Hybrid and Mono nanofluid properties 

Characteristics  Nanofluid and Hybrid Nanofluid 

Density𝜌(𝑘𝑔𝑚−3) 𝜌𝑛𝑓 = (1 − 𝜙1)𝜌𝑓 + 𝜙1𝜌𝑟1 𝜌ℎ𝑛𝑓 = (1 − 𝜙2)[(1 − 𝜙1)𝜌𝑓 + 𝜙1𝜌𝑟1] + 𝜙2𝜌𝑟2 
Heat Capacity 𝐶𝑝(𝐽𝑘𝑔. 𝑘) (𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜙1)(𝜌𝐶𝑝)𝑓 + 𝜙1(𝜌𝐶𝑝)𝑟1 (𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜙2) [(1 − 𝜙1)(𝜌𝐶𝑝)𝑓 + 𝜙1(𝜌𝐶𝑝)𝑟1] + 𝜙2(𝜌𝐶𝑝)𝑟2 

Dynamic 

Viscosity 𝜇(𝑃𝑎. 𝑠) 𝜇𝑛𝑓 = 𝜇𝑓(1 − 𝜑1)2.5 𝜇𝑛𝑓 = 𝜇𝑓(1 − 𝜑1)2.5(1 − 𝜑2)2.5 
Electrical 

conductivity 𝜎(𝑆.𝑚−1) 𝜎𝑛𝑓 = 1 + 3 (𝜎𝑟1𝜎𝑓 − 1)𝜙12 + 𝜎𝑟1𝜎𝑓 − (𝜎𝑟1𝜎𝑓 − 1)𝜙1 ∗ 𝜎𝑓 

𝜎ℎ𝑛𝑓 = 𝜎𝑟1 + (𝑆𝑓 − 1)𝜎𝑛𝑓 − (𝑆𝑓 − 1)𝜙2(𝜎𝑛𝑓 − 𝜎𝑟2)𝜎𝑟2 + (𝑆𝑓 − 1)𝜎𝑛𝑓 − 𝜙2(𝜎𝑛𝑓 − 𝜎𝑟2) ∗ 𝜎𝑛𝑓 

Thermal 

Conductivity 𝜅(𝑊. (𝑚. 𝑘)) 𝑘𝑛𝑓 = 𝑘𝑟1 + (𝑠𝑓 − 1)𝑘𝑓 − (𝑠𝑓 − 1)𝜙1(𝑘𝑓 − 𝑘𝑟1)𝑘𝑟1 + (𝑠𝑓 − 1)𝑘𝑓 + 𝜙1(𝑘𝑓 − 𝑘𝑟1) ∗ 𝑘𝑓 

𝑘𝑛𝑓 = 𝑘𝑟2 + (𝑠𝑓 − 1)𝑘𝑛𝑓 − (𝑠𝑓 − 1)𝜙2(𝑘𝑛𝑓 − 𝑘𝑟2)𝑘𝑟2 + (𝑠𝑓 − 1)𝑘𝑛𝑓 + 𝜙2(𝑘𝑛𝑓 − 𝑘𝑟2) ∗ 𝑘𝑛𝑓 

 

2.2. Engineering Quantities 

The skin friction  𝑅𝑒𝑥−12 𝐶 𝑓𝑥, Nusselt number (𝑅𝑒𝑥−12 𝑁𝑢𝑥) and Sherwood number (𝑅𝑒𝑥−12 𝑆 ℎ𝑥) 

plays an important role in engineering sector. The skin friction coefficient calculates the friction forces 

that faces the fluids flow across the surface. The heat generation and mass dissipation estimation is 

manifested via Nusselt and Sherwood number. The mathematical formulation of above engineering 

entities is elucidated below via equation (11) 𝐶𝑓 = 𝜏𝑤𝜌𝑓𝑈𝑤2 , 𝑁𝑢𝑥 = 𝑞𝑤𝑥𝑘𝑓(𝑇𝑤 − 𝑇∞) , 𝑆ℎ𝑥 = 𝑥𝑗𝑠𝐷𝐵(𝐶𝑤 − 𝐶∞) . 𝜏𝑤 = 𝜇ℎ𝑛𝑓 (𝜕𝑢𝜕𝑦)𝑦=0 , 𝑞𝑤 = −𝑘ℎ𝑛𝑓 (1 + 163 𝜎∗𝑇∞
3𝑘∗𝑘ℎ𝑛𝑓) (𝜕𝑇𝜕𝑦)𝑦=0 , 𝑗𝑠 = −𝐷𝐵 (𝜕𝐶𝜕𝑦)𝑦=0. (11) 

After evaluation with equation (11) 

( )

( ) ( )
( )

1/2

1

1/2

4

1/2

1
Re 0 ,

2

Re 0 ,

Re 0 .

f x

x x

x x

C A f

Nu A R

Sh





−

= 
= − + 
= − 
       (12) 

3. Solution methodology 

A standard shooting method is employed to perform the numerical simulations. The choice of 

shooting technique is based on best convergence. A step size of 𝛥𝜂 = 0.02 is used for simulations. The 

accuracy of the solution is maintained up to 10⁻⁴. For changing the problem into a first-order system, 

the following variables are introduced:  

 𝑓 = 𝑦1, 𝑓 ′ = 𝑦2, 𝑓″ = 𝑦3, 𝑓‴ = 𝑦4, 𝑓𝑖𝑣 = 𝑦4′, 𝜃 = 𝑦5, 𝜃 ′ = 𝑦6, 𝜃″ = 𝑦6′, 𝜙 = 𝑦7, 𝜙′ = 𝑦8, 𝜙″ = 𝑦8′.      (13) 
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Resulting 𝑦4′ = 1𝛽2𝐴1𝑦1 [𝐴1(𝑦4 + 𝛽2𝑦32) + 𝐴3𝑀(𝑦2 − 𝛽1𝑦1𝑦3) − 𝐴2[𝑦22 − 𝑦1𝑦32 + 𝛽1𝑦12𝑦4 −2𝑦1𝑦2𝑦3]], (14) 𝑦6′ = −𝑃𝑟[𝐴1𝛽2𝛽1𝐸𝑐𝑦32+𝐴3𝑀𝐸𝑐𝑦22+𝜆𝑦5]+𝐴5𝑃𝑟[𝛽3𝑦1𝑦2𝑦6−𝑦1𝑦6][(𝐴4+𝑅)−𝐴5 𝑃𝑟𝛽3𝑦12] ,   (15) 𝑦8′ = 𝑆𝑐[𝑦8𝑦1−𝛿𝑐𝑦1𝑦2𝑦8+𝛽𝑦7]1−𝛿𝑐𝑦12 .       (16) 𝑦1(0) = 0, 𝑦2(0) = 1, 𝐴4𝑦6(0) = −𝐵𝑖[1 − 𝑦5(0)], 𝑦7(0) = 1, 𝑎𝑡𝜂 = 0,𝑦2(∞) → 0, 𝑦3(∞) → 0, 𝑦5(∞) → 0, 𝑦7(∞) → 0, 𝑎𝑡𝜂 → ∞. }   (17) 

4. Entropy Generation 

Entropy generation for the present problem is expressed as follows. 𝐸𝐺 = 𝑘ℎ𝑛𝑓𝑇2 (𝜕𝑇𝜕𝑦)2⏟      
ℎ𝑒𝑎𝑡𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝐼𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 + 𝜎ℎ𝑛𝑓𝐵02𝑢2𝑇⏟      𝐽𝑜𝑢𝑙𝑒ℎ𝑒𝑎𝑡𝐼𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 + 𝜇ℎ𝑛𝑓𝑇 𝜀1𝜀0 (𝜕𝑢𝜕𝑦)2⏟        𝑓𝑙𝑢𝑖𝑑𝑓𝑟𝑖𝑐𝑡𝑖𝑜𝑛𝐼𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦 +𝑄(𝑇−𝑇∞)𝑇⏟    

ℎ𝑒𝑎𝑡𝑠𝑜𝑢𝑟𝑐𝑒𝐼𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦  (18) 

The rate of entropy production across dimensionless variables elucidates as below 𝑁𝑠 = 𝐸𝐺(𝐸𝐺)0 = 𝐴5 𝜃′2(𝜃+𝜛)2 + 𝑃𝑟 (𝐴2 𝛽2𝛽1 𝐸𝑐𝑓′2(𝜃+𝜛)+ 𝐴3 𝐸𝑐𝑓′2𝑀(𝜃+𝜛) + 𝜆𝜃(𝜃+𝜛)), (19) 

The dimensionless temperature gradient has been predicted by (𝐸𝐺)𝑜 = 𝑘𝑓𝑎𝜈𝑓 𝑎𝑛𝑑𝜛 = 𝑇∞𝑇𝑤−𝑇∞
. 

The mathematical formulation of Bejan number has been explored via equation (20) 𝐵𝑒 = 𝐴5 (𝜃′)2(𝜃+𝜛)2𝐴5 (𝜃′)2(𝜃+𝜛)2+𝑃𝑟(𝐴2𝛽2𝛽1𝐸𝑐𝑓″2(𝜃+𝜛)+𝐴3𝐸𝑐𝑀𝑓′2(𝜃+𝜛)+ 𝜆𝜃(𝜃+𝜛)).   (20) 

𝐵𝑒 = {0𝑡𝑜𝑡𝑎𝑙𝑖𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠𝑑𝑜𝑚𝑖𝑛 𝑎 𝑡𝑒𝑠ℎ𝑒𝑎𝑡𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟12 𝑡𝑜𝑡𝑎𝑙𝑖𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑖𝑒𝑠𝑒𝑞𝑢𝑎𝑙𝑡𝑜ℎ𝑒𝑎𝑡𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑖𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦1ℎ𝑒𝑎𝑡𝑓𝑙𝑜𝑤𝑖𝑟𝑟𝑒𝑣𝑒𝑟𝑠𝑖𝑏𝑖𝑙𝑖𝑡𝑦𝑑𝑜𝑚𝑖𝑛 𝑎 𝑡𝑒𝑠   (21) 

 

5. Graphical Analysis  

This section leads to physical understating of problem subject to diverse variation of parameters 

like Hartmann number(𝑀), relaxation parameter (𝛽1) and retardation parameter (𝛽2), Prandtl number (𝑃𝑟()), Eckert number(𝐸𝑐), heat source number(𝜆), thermal relaxation number (𝛽3) and 

concentration(𝛿𝑐) parameter, chemical reactive number(𝛽), Schmidt number(𝑆𝑐) and Radiation 

number(𝑅). The investigation comprises comparative analysis of results for mono nanofluid (𝐴𝑢−𝐻2𝑂) and hybrid nanofluid (𝐴𝑢−𝐶𝑢 − 𝐻2𝑂). Physical significance of Hartmann parameter (𝑀) on velocity profile 𝑓 ′ has been visualized in Fig. 1(a). A declining trend in 𝑓 ′ is noticed with 

enlarging values of 𝑀. This trend is observed due to the resistive nature of the Lorentz force. Fig. 1(b) 

provides undersetting of 𝑓 ′ due to the retardation parameter 𝛽2. It is noted that the retardation time 

enhances the profile of 𝑓 ′. The results contributed in Fig. 1(c) explore the results for 𝑓 ′ by varying 

relaxation number 𝛽1. The fluid velocity is suppressed due to 𝛽1. The observations for 𝑓 ′ subject to 

nanoparticles volume fraction 𝜙1 are exhibited in Fig. 1(d). The velocity 𝑓 ′ declines by increasing 𝜙1. 

Fig. 2(a) incorporates the thermal behavior of radiation number 𝑅 on temperature profile 𝜃. It is 

noticed that 𝜃 is enhanced with enlarging 𝑅. Such an improved thermal profile is associated with the 

transfer of energy through electromagnetic waves. Fig. 2(b) demonstrates the impact of Prandtl number 𝑃𝑟 on 𝜃. A declining trend in heat transfer rate is observed for higher 𝑃𝑟. These outcomes physically 

involve the low thermal diffusivity. The thermo-physical behavior of heat source number 𝜆 on 𝜃 has 

been investigated in Fig. 2(c). Enhancing change in 𝜃 is predicted due to 𝜆. This enhancement in thermal 

behavior is subject to an additional source of energy, which increases the heat transfer impact. Fig. 2(d) 

illustrates the results for the significance of Eckert number 𝐸𝑐on 𝜃. A positive response for heat transfer 

occurs with the increase of 𝐸𝑐. Such enhancement in thermal profile is associated to kinetic energy due 

to viscous dissipation. The physical scenario of retardation parameter 𝛽2 on 𝜃 is analyzed in Fig. 2(e). 
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Larger 𝛽2 leads to improvement of 𝜃. Fig. 2(f) explains the features of 𝛽1 on 𝜃. The profile of 𝜃 slows 

down due to 𝛽1. Fig. 2(g) presents the fluctuation in 𝜃 for Biot number 𝐵𝑖. The heat transfer grows by 

increasing 𝐵𝑖, which is subject to direct relation of 𝐵𝑖 with the coefficient of heat transfer. The results 

for shape factor coefficient on heat transfer evaluation are deduced via Fig. 2(h), providing declining 

thermal behavior.  

The impact of Schmidt number 𝑆𝑐 on concentration profile 𝜙 is simulated in Fig. 3(a). A declining 

growth in profile of 𝜙 is inspected. Such outcomes physically account the reverse relation of Schmidt 

number with mass diffusivity. The trend of chemical reactive number 𝛽 against 𝜙 has been described in 

Fig. 3(b). Declining change in 𝜙 is noted upon increasing 𝛽. The influence of thermal concentration 

parameter 𝛿𝑐 on 𝜙 is shown in Fig. 3(c). Higher 𝛿𝑐 leads to decrement in 𝜙. 

Figure 4(a) shows the variation of the skin-friction coefficient with 𝛽2 for different values of M. 

The skin friction showing a declining impact for larger 𝛽2. The Nusselt number profile 𝑅𝑒𝑥−12 𝑁𝑢𝑥 

variation with 𝑅 by varying 𝛽3 and 𝐸𝑐 are explain in Fig. 4(b). The Nusselt number enriches for both 

parameters. Fig. 4(c) also confirms an enhancement of 𝑅𝑒𝑥−12 𝑁𝑢𝑥 by increasing 𝛽3 and 𝐸𝑐. 
The results for entropy generation 𝑁𝑠 subject to variation of various parameters such as Hartmann 

number (𝑀), Prandtl number(𝑃𝑟), Eckert number(𝐸𝑐) and heat source number(𝜆) are responded in Fig. 

Fig. 5(a-d). Fig. 5(a) fluctuates the alteration of entropy generation against Hartmann number (𝑀). 
Entropy is enhanced with enlarging 𝑀.The influence of 𝑃𝑟 on 𝑁𝑠 is attributed in Fig. 5(b). Change in 𝑃𝑟 declines 𝑁𝑠. The visualization of Eckert number on 𝑁𝑠 are investigated in Fig. 5(c). The entropy 

generation is maximum due to 𝐸𝑐. Fig. 5(d) also possess similar observations where results for 𝜆 are 

proposed.   

 

Fig. 6(a) demonstrates the impact of Hartmann number on Bejan number. The Bejan number 

grows against higher 𝑀. Fig. 6(b) expresses the physical significance of 𝛾 on Bejan profile. It noted that 

change in 𝛾 enhances the Bejan profile. The illustration of Bejan number by varying 𝛽2 is visualized in 

Fig. 6(c). The Bejan number increasing due to 𝛽2. Table 4 illustrates the numerical outcomes for skin 

friction coeffienct for mono and hybrid nanofluids by varying flow parameters. Table 5 shows that 

Nusselt number increases due to 𝜆 and 𝛽3. Comparative numerical values demonstrate that hybrid 

nanofluid shows more prominent variation as compared to MNF. Table 6 encapsulates the results for 

Sherwood number which shows increasing trend for 𝛿𝑐 and 𝑆𝑐.  
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(a) 

 

(b) 

 
(c) 

 

(d) 

 
Fig. 1(a-d): Effects of (a) 𝑀 (b) 𝛽2 (c) 𝛽1 (d) 𝜙1 on velocity profile 𝑓 ′. 
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(a) 

 

(b) 

 
(c) 

 

(d) 

 
(e) 

 

(f) 

 
(g) 

 

(h) 

 
Fig. 2(a-h): Effect of (a) 𝑅 (b) 𝑃𝑟 (c) 𝜆 (d) 𝐸𝑐 (e) 𝛽2 (f) 𝛽1 (g) 𝐵𝑖 (h) 𝑆𝑓 on temperature profile 𝜃. 
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(a) 

 

(b) 

 
(c) 

 
Fig. 3(a-c): Effects of (a) 𝑆𝑐 (b) 𝛽 (c) 𝛿𝑐 across concentration profile 𝜙. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



University of Ha’il-Journal of Science (UOHJS) Vol(7) No(1), 2026 

 

41 

 

(a) (b) 

(c) 

 
Fig. 4(a-c): Variations of skin friction and Nusselt number against (a) 𝛽2 versus 𝑀 (b) 𝑅 versus 𝐸𝑐 (c) 𝐵𝑖 versus 𝐸𝑐. 
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(a) (b) 

(c) 

 

(d) 

 
Fig. 5(a-d): Variation of entropy generation for (a) 𝑀 (b) 𝑃𝑟 (c) 𝐸𝑐 (d) 𝜆. 
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(a) (b) 

(c) 

 
Fig. 6(a-c): Variation of Bejan number versus (a) 𝑀 (b) 𝛾 (c) 𝛽2. 

 

Table 4: Numerical Simulations of local skin friction coefficient 𝑅𝑒𝑥−12 𝐶 𝑓𝑥 for various parameters 𝛽1 𝛽2 𝑀 (𝑔𝑜𝑙𝑑/𝑊𝑎𝑡𝑒𝑟) (𝐺𝑜𝑙𝑑− 𝐶𝑜𝑝𝑝𝑒𝑟/𝑊𝑎𝑡𝑒𝑟) 
0.2 0.5 0.2 0.5269 0.7024 

0.5 
  

0.5688 3.9525 

0.8 
  

3.5565 3.5836  
0.3 

 
4.2524 4.2942  

0.7 
 

4.7790 4.8145  
0.8 

 
5.2710 5.3019   

0.1 5.1083 5.1451   
0.2 4.8952 4.9321   
0.3 4.7790 4.8145 
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Table 5: Contrast of Nusselt number (𝑅𝑒𝑥−12 𝑁𝑢𝑥) for different parameters. 𝑅 𝐸𝑐 𝐵𝑖 𝑃𝑟 𝜆 𝛽3 (𝑔𝑜𝑙𝑑/𝑊𝑎𝑡𝑒𝑟) (𝐺𝑜𝑙𝑑− 𝐶𝑜𝑝𝑝𝑒𝑟/𝑊𝑎𝑡𝑒𝑟) 
0.2 0.1 0.3 0.7 0.5 0.3 2.1244 3.4748 

0.4      2.1686 3.6062 

0.6      2.2089 3.7314 

0.3 0.2     0.5508 1.2114 

 0.5     0.1110 0.2631 

 0.8     0.0101 0.0930 

  0.2    0.1535 0.1711 

  0.6    0.1560 0.1728 

  0.8    0.1573 0.1738 

   0.2   0.1489 0.1662 

   0.6   0.1573 0.1738 

   0.8   0.1426 0.1828 

    0.4  0.2254 0.2895 

    0.8  0.5903 0.7615 

    1.2  0.6783 0.8753 

     1.6 0.5408 0.6719 

     2.5 0.7322 0.9751 

     3.0 0.7565 1.0355 

 

Table 6: Showcase the numerical outcomes of Sherwood number (𝑅𝑒𝑥−12 𝑆 ℎ𝑥) with various fluid 

parameters. 𝑆𝑐 𝛽 𝛿𝑐 (𝑔𝑜𝑙𝑑/𝑊𝑎𝑡𝑒𝑟) (𝐺𝑜𝑙𝑑 − 𝐶𝑜𝑝𝑝𝑒𝑟/𝑊𝑎𝑡𝑒𝑟) 
2.5 0.05 0.02 1.4632 1.4627 

3 
  

1.5194 1.5189 

3.5 
  

1.6768 1.5763  
0.01 

 
1.2585 1.2583  

0.02 
 

1.3782 1.3778  
0.03 

 
1.4194 1.4189   

0.02 0.7835 0.7832   
0.03 1.1343 1.1339   
0.04 1.4194 1.4189 

 

6. Conclusions 

• The velocity profile declines due to relaxation number while increasing features are observed 

by varying retardation number. 

• The heat transfer enhances due to Eckert number and heat source parameter. 

• Change in retardation number enhances the temperature profile. 

• The concentration profile reduces due to chemical reaction parameter and Schmidt number. 

• The skin friction coefficient profile variation against retardation number enhances by varying 

Hartmann number. 

• The Nusselt number increases with the Biot number. 

• The entropy generation increases due to Hartmann number and Eckert number. 

• The Bejan number gets enhance by varying the Hartmann number.  

• Theoretical flow assumptions with ideal constraints were followed to model the problem. There 

may be discrepancies between the theoretical and experimental results. 
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• Future studies could recommend the modification in proposed model by performing the 

simulations through machine learning algorithms (Abbasi et al. (2025)).  

 

Nomenclature 

Nomenclature 

Velocity components (𝑚𝑠−1)[𝑢, 𝑣] 
Viscosity (𝑘𝑔𝑚−1𝑠−1)[𝑢] 
Density (𝑘𝑔𝑚−3)[𝜌] 
Heat transfer coefficient[ℎ𝑓] 
Thermal radiation parameter [𝑅] 
Coefficient of skin friction [𝐶𝑓] 
Local Reynolds number[𝑅𝑒𝑥 ] 
Volume fraction [𝜙1, 𝜙2] 
Surface temperature (𝐾)[𝑇𝑤] 
Temperature (𝐾)[𝑇] 
Biot number[𝐵𝑖] 
Bejan number [𝐵𝑒] 
Magnetic field strength [𝐵0] 
Thermal conductivity(𝑊/𝑚𝐾)[𝑘] 
Specific heat capacity(𝐽/𝑘𝑔)𝐾[𝐶𝑝] 
Radiative heat flux [𝑞𝑟] 
Stretching ratio parameter[𝑎] 
Maxwell relaxation time parameter [𝛽1] 
Nusselt number [𝑁𝑢𝑥] 
Magnetic parameter [𝑀] 
Coordinates (𝑚)[𝑥, 𝑦] 
Ambient temperature(𝐾)[𝑇∞] 
Dimensionless temperature(𝐾)[𝜃] 
Temperature gradient [𝛾] 
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